The aim of this paper and its sequel is to introduce and classify the holonomy algebras of the projective Tractor connection. After a brief historical background, this paper presents and analyses the projective Cartan and Tractor connections, the various structures they can preserve, and their geometric interpretations. Preserved subbundles of the Tractor bundle generate foliations with Ricci-flat leaves. Contact-, CR-, HR-, and Einstein-structures arise from other reductions of the Tractor holonomy.
The sequel to this paper, [Arm2] , will start by generating a projective cone construction, an affine, torsion-free manifold one dimension higher whose holonomy is the same as that of the Tractor connection. For this reason, we shall occasionally use the terminology for a tangent bundle connection (such as symplectic) when referring to the Tractor connection.
This cone result will allow us, using [Arm3] and the original papers [MeSc1] and [MeSc2] , to construct all examples of possible irreducible projective Tractor holonomy, and demonstrate that there are essentially no others that those described in this paper (except in the projectively Einstein case, where more variety exists). These result, to be proved in the subsequent paper, are summarised in tables 2 and 3. algebra g representation V restrictions algebra g representation V so(p, q) R spin(7, C) C 8 Table 2 : Projectively Einstein Holonomy algebras
The author would like to thank Dr. Nigel Hitchin, under whose supervision and inspiration this paper was crafted. This paper appears as a section of the author's Thesis [Arm4] . Before starting the work on Cartan and Tractor connections, we shall recall the definition of a projective structure.
A geodesic for a manifold M and an affine connection ∇ on it is a curve ψ : U → M , U a subset of R, such that ∇ψψ = 0.
An unparametrised geodesic is a curve ψ such that ∇ψψ = fψ, for some real-valued function f . An unparametrised geodesic may be made into a standard geodesic by replacing ψ with exp − f dψ ψ. n ≥ 2 CR-Contact manifold Table 3 : Projectively non-Einstein Holonomy algebras Definition 1.1 (Projective Structure). A projective structure is the set of all unparametrised geodesics of a given affine connection.
As we shall see, there are many affine connections preserving the same projective structure. So the projective structure is often alternately defined as: Definition 1.2. A projective structure is an equivalence class of affine connections with the same unparameterised geodesics.
For this paper, we will need to restrict attention to those affine connections that are torsion-free. This does not unduly constrain us, as Proposition 1.3. Any projective structure has a torsion-free connection compatible with it.
Proof. Let ∇ ′ be an affine connection preserving a projective structure, with torsion τ . Then ∇ = ∇ ′ − 1 2 τ is a torsion-free connection, and if X is the tangent vector of a geodesic of ∇ ′ ,
so any generalised geodesic of ∇ ′ is a generalised geodesic of ∇.
Cartan and Tractor Connections
Traditionally, since Klein, geometries were defined by a manifold M and a Lie group G acting transitively and effectively on M . The stabilizer group of any point x ∈ M is a sub-group P ⊂ G, which changes by conjugation as x varies.
From a more modern perspective, the focus has shifted to the groups G and P , with the underlying space M seen as the quotient M = G/P.
For the 'flat' projective geometry, this model is G = PSL(n + 1) and P = GL(n) ⋊ R n * . The Cartan connection is a 'curved' version of these flat geometries. Given any manifold M , it maps the tangent space T M locally to the Lie algebra quotient,
for all x in M . For projective manifolds, g = sl(n + 1) and p = gl(n) ⋊ R (n * ) .
We will follow the exposition used in [CaGo3] . In all of the following, we assume that M is an ndimensional manifold, with g a semisimple Lie algebra and a subalgebra p ⊂ g with p of codimension n in g. There are corresponding groups P ⊂ G; different choices of such groups may change the global properties of Cartan connections, but not the local ones. In particular, we shall not need to distinguish between PSL(n + 1) and SL(n + 1).
Definition 2.1 (Cartan Connection). On M , given a principal P -bundle P → M , a Cartan connection ω is a section of T * P ⊗ g, with the following properties:
1. ω is invariant under the P -action (P acting by Ad on g), 2. ω(σ A ) = A, where σ A is the fundamental vector field of A ∈ p, 3. ω u : T P u → g is a linear isomorphism for all u ∈ P.
The most interesting class of algebras are those for which p is a parabolic subalgebra. Paper [CDS] gives an invariant definition of parabolic; we shall not need to use that generality here as p is not only parabolic, but g = sl(n + 1) is |1|-graded:
with [g j , g k ] ⊂ g j+k . In this case, g 1 = R n , g 0 = gl(n) and g −1 = R n * , with
This grading is preserved by g 0 but not by p, so it is not canonical. The corresponding filtration g −1 ⊂ p ⊂ g is however preserved by p, and is thus canonical.
The identity element e of g 0 = gl(n) acts on g by conjugation, sending an element a ∈ g j to ja. Consequently the grading is defined as eigenvalues of ad(e), and e is referred to as the grading element.
There is a well defined projection p → p/g −1 = g 0 . Putting this together with the previous result, Lemma 2.2. A choice of grading of g is equivalent with a choice of a lift of the identity element of g 0 into p.
For a parabolic subalgebra, we may make the further requirement that the connection be normal ; this is a uniqueness condition for the Cartan connection of a particular geometry, similar to the torsion-free condition for a Levi-Civita connection. See [CaGo3] for a proof of the existence of a normal Cartan connection in all parabolic geometries. Definition 2.3 (Normal Cartan Connection). A Cartan connection for a parabolic geometry is normal if it has the following additional condition:
where ∂ * is the dual Lie algebra homology operator (see [Bas] ).
The Tractor Connection
In the projective case, this definition simplifies, see Proposition 2.12.
The bundle P and the form ω together define the geometry. The first two conditions on ω are analogous to those of a standard connection. The third condition is very different, however, giving a pointwise isomorphism T P u → g rather than a map with kernel.
However the Cartan connection does give rise to a connection in the usual sense, the so-called Tractor connection.
The inclusion P ֒→ G generates a principal bundle inclusion i : P ֒→ G, with G a G-bundle, and generates a standard connection form:
Proof. At any point of P ֒→ G, define ω ′ (X) = ω(X) for X ∈ Γ(T P), and ω ′ (σ A ) = A for σ A the fundamental vector field of A ∈ g. These two formulas correspond whenever they are both defined (Property 2 from Definition 2.1), and completely define ω ′ on P. Then define ω
) in the general case, for g(u) ∈ P. Property 1 for ω ensures this is well defined.
To see that ω ′ is indeed a connection, notice that for v ∈ P,
This ω ′ is the Tractor connection; when we see it as a connection on an associated vector bundle, we shall designate it by − → ∇. The Tractor connection obviously generates a Cartan connection by pull-back to T P. From now on, we shall use Cartan and Tractor connections interchangeably.
Remark. It is not the case that any G connection η will correspond to a Cartan connection via pull-back to P, as the isomorphism condition T P v → g could be violated. In the language of Section 2.5, η must have a maximal second fundamental form on the canonical sub-bundles in the splitting of the Tractor bundle. This form is sometimes known as the soldering form [BuCa] . If so, then η comes from a Cartan connection.
Weyl structures and preferred connections
We aim to express the Tractor connection using more familiar notions. To do so, we shall define some canonical Lie Algebra bundles (though only A will be used througout the paper). Let
where we are taking the quotient action of the group P on g 0 = p/g −1 in the last case. Dividing out by this quotient action, there is a well defined projection B → C.
There is a canonical identity section I of C, given by the map C → Id ∈ g 0 ; this map is easily seen to be P -invariant, since it is p-invariant.
Definition 2.5. A Weyl structure E W is a lift of I into B, commuting with the projection B → C.
These Weyl structures have an immediate use, allowing one to split many canonical objects: Proposition 2.6. A Weyl structure gives a splitting of both the algebra bundle A and the Cartan connection ω.
Proof. A Weyl structure E W is a map from P to p, whose image is always a grading element. This allows us to split g as g 1 ⊕ gl(n) ⊕ g −1 at every point of P, via Lemma 2.2. As E W is P -invariant, so is this splitting, and we have resultant splittings:
where A j = P × P (g j /g j−1 ), with P acting via the quotient action. This is in fact a reduction of the structure group of A from P to G 0 . And as an immediate corollary:
Corollary 2.7. A Weyl structure gives a splitting of any vector bundle associated to the Tractor connection.
The main motivation behind these Weyl structures is to give an equivalent, but more farmiliar geometric structure: preferred connections.
Define the principal G 0 -bundle G 0 as P/ (exp g −1 ). Given a Weyl structure and a splitting of ω, the central component ω 0 is a one-form on P with values in g (0) /g (−1) . It is P invariant under the quotient action of P . We may divide out ω 0 by the action of exp g −1 to get a one-form on G 0 with values in g 0 . It is easy to see, from the properties of ω, that this one-form (which we shall also denote ω 0 ) is (g 0 )-invariant and that ω 0 (σ A ) = A, where σ A is the fundamental vector field of A ∈ g 0 . Proposition 2.8. ω 0 is a standard connection form on the principal bundle G 0 , which is the full frame bundle of the tangent bundle.
Proof. The fact that ω 0 is a connection form on G 0 is an immediate consequence of the properties noted above. That G 0 is a principal bundle for the tangent bundle is a consequence of the following important Lemma:
Lemma 2.9. The algebra bundle A has a natural inclusion
and, given a choice of E W , A splits as
Proof of Lemma. This proof is from [CaGo3] . First notice that A has a natural filtration
well defined since p must preserve the filtration of g. Note that B = A 0 ⊕ A −1 , though this decomposition is not invariantly defined.
Let p be the projection P → M . Consider the map P ×g → T given by (u,
−1 (A) = σ A which is a vertical field, so this map factors smoothly to a map P × g/p → T . The properties of ω immediately imply that this map factors further to a homomorphism P × P g/p → T that covers the identity and is an isomorphism on each fiber, so is a bundle isomorphism. Consequently
The Killing form on g identifies (g/p)
* with p ⊥ = g −1 . Consequently, since the Killing form is g invariant,
Now, given a choice of E W , by Proposition 2.6 one has a splitting of A and consequently an identification
Notice that A 0 = P × P g 0 . Since the (quotient) action of g −1 on g 0 is trivial, this is also
Then one merely has to note that g 1 = R n is a natural representation of g 0 = gl(n). Consequently
The previous lemma demonstrated that G 0 is a principal bundle for the tangent bundle (in fact, the full frame bundle), making ω 0 into an affine connection on T .
Definition 2.10 (Preferred Connections). We call the various ω 0 's the preferred connections of the Cartan connection. As they depend on a choice of Weyl structure E W , they are also often known as Weyl connections.
From now on we shall focus on the preferred connections, rather than on the equivalent Weyl structures.
Proposition 2.11. All preferred connections for a given Cartan connection have the same torsion.
Proof. The projection π 2 from g to g/p is well defined (the use of the expression π 2 is connected to the fact that Tractor bundles may be seen as second order jet-bundles, see Section 2.5). π 2 • ω is a one-form on P with values in g/p. This descends, dividing out by the action of g −1 , to a one-form on G 0 . From the definition of the isomorphism A/B ∼ = T , we can see that
the identity on T , implying that π 2 • ω is the canonical one-form of G 0 .
Algebraic properties
Now the 'curvature' of a Cartan connection is defined as
where ξ and η are lifts of vector fields on M ; this expression is independent of the choice of such lifts, exactly as in the case of a usual curvature expression. And it is obviously P -invariant.
We now choose a Weyl structure E W and equivalent preferred connection, splitting the Cartan connection as ω 1 + ω 0 + ω −1 . In this splitting we may calculate π 2 (κ) as
is the torsion of the preferred connection corresponding to ω 0 . However, π 2 (κ) is defined invariantly; hence all preferred connections have the same torsion.
Proposition 2.12. In the projective case, a Cartan connection is normal if and only if π 2 (κ) = 0 and the Ricci-type contraction of π 1 (κ) vanishes.
Proof. Note that this implies that the preferred connections of a Normal Cartan connection are torsion-free. As for the second condition, π 1 (κ) descends to a two-form on M with values in
, this reduces to a two-form on M with values in g 0 (T ), and its Ricci-type contraction is well defined.
I shall not reproduce the proof, given in [CaGo3] . It demonstrates this result using Kostant's version of the Bott-Borel-Weil theorem from [Och] and [Kos] to compute various cohomology spaces, and thus demonstrate that if the Cartan curvature κ : P → ∧ 2 g −1 ⊗g is ∂ * -closed, then for projective geometries, κ is in fact a map to ∧ 2 g −1 ⊗p; in other words, π 2 (κ) must vanish. Similar considerations demonstrate the second condition.
From now on, we will take our Cartan connections normal and our preferred connections torsionfree. All these constructions can be reversed; so to every projective structure, there corresponds a (unique) normal Cartan connection.
Recall from Lemma 2.9 that given a choice of preferred connection, A splits and a local section is of the form 
It is usefull at this stage to compute explicitly the Lie bracket of A. This is an sl(n + 1)-bundle and decomposes in matrix form as 
where A is a section of gl(T ) and a = − trace A. One identifies Ψ ∈ Γ (g 0 (T )) with (A, a) where
Then one can easily calculate the Lie bracket,
Lemma 2.13. Under a change of preferred connection, the splitting of A changes as 
for a one-form Υ.
Proof of Lemma. Since a Weyl structure is equivalently a lift of the grading section of P × P g 0 = A 0 , the difference between two Weyl structures is a section of A −1 ∼ = T * , in other words a one-form. Call it Υ. Then the preceding formula gives the action of exp Υ upon the algebras bundle A.
The following theorem gives a better understanding of exactly what makes a connection preferred:
Theorem 2.14. All preferred connection preserves the same projective structure. And every connection that preserves the projective structure and has the torsion τ is a preferred connection.
Proof. The previous lemma shows that two preferred connections ∇ and ∇ differ by
for some one-form Υ. Then ∇ X X = ∇ X X +2Υ(X)X, so ∇ and ∇ have same (generalised) geodesics.
Conversely, now let ∇ be a preferred connection, and ∇ any affine connection with same projective structure and same torsion. Then ∇ = ∇ + Ψ with Ψ ∈ Γ(H) a one-form with values in gl(T ). Since ∇ and ∇ have same torsion,
Since they also have the same projective structure, for all X ∈ Γ(T ) we have a function f X so that
However the symmetry of Ψ implies that
Hence Ψ is entirely determined by the value of Ψ(X, X) for different X. Choosing a local frame (X h ), define the one-form Υ by Υ(
However Ψ(Z, Z) is a multiple of Z, so
Since this equality is valid for all µ, we must have f X = 2b and
This shows that f Z depends linearly on Z; in other words, there exists a one-form ν, such that
We may put these results together to show that
which implies that the map
is bijective.
In fact this demonstrates another result, namely that Corollary 2.16. For a given class of preferred connections, a choice of connection in that class is equivalent to a connection on any weight bundle
Proof. Notice first that
So different preferred connections determine different connections on L a . Conversely, any connection on L a differs from ∇ by such an Υ, and so corresponds to the action of the preferred connection ∇ + φ(Υ).
Corollary 2.17. For every projective structure, there exist volume-form preserving -sl(n) -preferred connections, for every volume form ν.
Proof. The connection ∇ on L −n defined by ∇ν = 0 defines, by the previous corollary, a preferred connection preserving ν. In future, when talking about preferred sl(n) connections, we will often just define them by ν itself.
Curvature formulas

In order to proceed, we need some of the properties of the preferred connections, as well as a local formula for the Tractor connection.
Given the curvature R of a preferred connection, the trace is the Ricci tensor Ric. Since g 0 comes from a reductive group GL(n), one also has the totally trace-free part of R, the Weyl tensor W .
The tensor W is projectively invariant; this fact comes from the curvature formula for the Tractor connection, Equation (6): just as we proved previously that π 2 (κ) (the torsion) is independent of the choice of ∇, if the torsion vanishes, the next component π 1 (κ) will be invariant: but that is just the Weyl curvature.
The rest of the curvature information is contained in the Ricci tensor Ric. From this we shall construct an equivalent tensor, the rho-tensor P, defined by
Ric hj = −nP hj + P jh .
In terms of Ric (hj) and Ric [hj] , the symmetric and anti-symmetric components of Ric hj ,
Ric [hj] .
Then the full curvature becomes:
Proof. This formula is easily checked by taking traces and by the symmetries of the curvature tensor R.
Under a change of connection given by a one-form Υ, this tensor changes as
We can also define the usefull Cotton-York tensor:
Tractor connection formula
A choice of preferred connection ∇ splits the Lie algebra bundle A as T * ⊕ g 0 (T ) ⊕ T . In this splitting, the Tractor connection becomes:
where ρ denotes the action of A.
Tractor bundles
Proof. Using the change of splitting formula (1) and the formula for the change of P, one can check that this expression is independent of the choice of preferred connection. It is easy to see that it corresponds to a Cartan connection as its second fundamental form on A −1 ⊂ A is maximal; in other words, for any non-zero section s of A −1 , the map T → A 0 given by X → − → ∇ X s/A −1 is injective. This second fundamental form is often called a soldering form. To check that we are in the presence of a Cartan connection, pull back this connection form to the bundle P. Then this obeys all the conditions of a Cartan connection; the fact that ω u : T P u → g is an isomorphism is a direct consequence of the maximality of the soldering form.
We need to check that the Cartan connection arising from − → ∇ is normal. By Proposition 2.2 we must demonstrate that π 2 (κ) = 0 and the Ricci-type contraction of π 1 (κ) vanishes, where κ is the curvature of the Cartan connection.
The curvature of − → ∇ can be calculated:
The curvature κ is the pull back of R − → ∇ to P. Then since ∇ is torsion-free and by the definition of W , these conditions are satisfied, and − → ∇ is normal.
As normal Cartan connections are unique (up to isomorphism) for a particular geometry on the manifold, this expression is the normal Cartan connection for this geometric structure.
We shall define the Tractor bundle naturally as
with the standard action of G = SL(n + 1). The dual bundle T * is in fact a subbundle of a jet bundle; the proof is given in [CaGo3] , but we will sketch the argument here.
For µ = n n+1 , a section s of L µ defines a preferred connection ∇ by requiring ∇s = 0, and it turns out that the operator
is second order, linear and projectively invariant. In this case, since ∆ is bijective on the included subbundle of
It turns out that this kernel admits an A action. We thus identify the Tractor bundle T with the dual
There are other 'Tractor' bundles corresponding to different representations of g (most notably the adjoint representation, the exterior powers of the standard representations [Lei] , and the twistor representation, see [CaGo2] ), but we shall not need them here.
In summary, given a choice of preferred connection ∇, there is a decomposition of the algebra bundle A and hence of the Tractor bundle
The Tractor connection is given by − → ∇ X = ∇ X + X + P(X), or, more explicitly,
The formula for changing a splitting by a one-form Υ (see Theorem 1) is given explicitly by
3 Reducible holonomy: Ricci-flatness
This section will provide a description of the geometric meanings of reducible Tractor holonomy. We will not, however, fully classify this case, similar to the fact that reducible holonomy is not fully classified in the affine case. In this section, by co-volume forms, we mean elements such as
where (X j ) is a frame for a bundle of rank k.
Let K ⊂ T be a rank k ≤ n subbundle preserved by − → ∇. In more details, let
is defined by
In consequence the image of sections of L µ under − → ∇ span all of T . So any bundle K preserved by − → ∇ cannot contain L µ on any open set.
From now on we shall assume, by restricting to open, dense subsets of M , that L µ ∩ K = 0. Hence the projection π 1 is injective on K. Given any nowhere-zero section s of L µ , define K ⊂ T as s −1 π 1 ( K). This bundle does not depend on a choice of s, as changing s changes the scaling but not the bundle.
Theorem 3.2. K is an integrable, totally geodesic foliation, and there are preferred connections ∇ such that ∇ preserves K and P ∇ (−, Y ) = 0 for any section Y of K. We may furthermore choose ∇ so that it preserves a co-volume form on K. If − → ∇ preserves a co-volume form on K, then there exists sl(n)-preferred connections ∇ with these properties.
Most of this section will be devoted to proving this. We choose a splitting of
, and the preferred ∇ corresponding to this splitting. Let X and Y be sections of K, then
Since this must also be a section of K, one must have ∇ X Y as a section of K, and consequently
Proposition 3.3. K is integrable and totally geodesic.
If one were to view X as any section of T rather than K in Equation (8), one sees that ∇ preserves K and
Remark. Note that as a consequence of this, P is zero on K ⊗ K, hence Ric is zero on this foliation as well. Since K is preserved by ∇ in all directions, Ric K = Ric M | K⊗K (this may be seen directly by taking a frame of K and extending to a frame of T ). In other words, the leaves of the foliations K are Ricci-flat under the connection ∇ restricted to these leaves.
Lemma 3.4. We may choose ∇ so that it preserves a co-volume form on K.
Proof of Lemma. Since ∇| K is Ricci-flat, it must preserve a co-volume form τ along K. Thus
where ω is a one-form with ω(K) = 0. Now [Υ, X] acts on τ by taking the trace of the first k components; or, in other words,
In other words, if we change preferred connections from ∇ to ∇ ′ by the choice of
Since Υ(K) = 0, then by Equation (7), ∇ ′ still determines a splitting with
Proposition 3.5. − → ∇ preserves a co-volume form on K if and only if ∇ ′ is an sl(n) connection.
Proof. Since P
Hence
Corollary 3.6. Theorem 3.2 clearly has a converse: let ∇ be a preferred connection with a preserved totally geodesic integrable foliation K such that P ∇ (Y, −) = 0 for a section Y of K. Then − → ∇ preserves a subbundle K of T . If there exists sl(n)-preferred connections with these properties which preserve co-volume forms on K, then − → ∇ preserves a co-volume form on K.
As a consequence of this, if K is a rank n bundle, then K = T , and there exists a Ricci-flat preferred connection ∇ on M . Since it is Ricci-flat, it must preserve a volume form, hence:
Corollary 3.7. If − → ∇ preserves a rank k = n bundle K, it always preserves a volume form on K.
Notice that since the rho-tensor of ∇ is zero on K, as is the rho-tensor of ∇| K , the tractor connection of K is a restriction of that of M :
whenever X and Y are sections of K, and ν = µK µM = n(k+1) (n+1)k . There is another useful characterisation in the 'nearly irreducible' case, where n = k: Theorem 3.8. If − → ∇ preserves a bundle K of rank n and acts irreducibly on K then the holonomy algebra of − → ∇ is
where hol ∇ is the affine holonomy algebra of the Ricci-flat preferred connection ∇ on M . The Lie bracket is given by the standard one on hol ∇ , the trivial one on T , and action of hol ∇ on T in cross terms.
Proof. Remember the algebra bundle splitting, Then the algebra hol ∇ ⊕ T decomposes into two pieces, hol ∇ and T , under the action of hol ∇ . In other words, if the holonomy of − → ∇ has any T component, it has the full T .
In actual fact, (see [Arm4] ) − → hol = hol ∇ if and only if M is a projective cone in the sense of paper [Arm2] .
There is no complementary foliation to K and the condition P(−, Y ) = 0 is a second order non-linear differential one; consequently it is hard to understand exactly what restrictions they impose on the projective structure. A pair of examples from the author's thesis [Arm4] suffice to show that these restrictions are geometrically not that strong, even when the various dimensions or co-dimensions are low. These results can then be generalised to a wide variety of varying holonomy groups. So it seems that the condition P(−, Y ) = 0 is not enough to pin down the geometry in any significant way.
Symplectic holonomy: Contact spaces
A symplectic structure on the Tractor bundle corresponds to a canonical contact structure on the manifold, though an actual contact form depends on a choice of preferred connection. A projectively invariant understanding of what is happening is given by the contact distribution U ⊂ T , where any geodesic that starts tangential to U will remain tangential to U .
But before proceeding, we must define what we understand by a contact structure.
A contact structure on a manifold of dimension n = 2m + 1 is a maximally non-integrable distribution U ⊂ T of rank 2m. Calling L the quotient bundle, we may dualise the quotient map and get the exact sequence
A section θ of L * is thus a one-form such that θ(U ) = 0, the maximal non-integrability condition translating to the fact that the volume form
is nowhere zero.
Notice that though there is no canonical isomorphism between sections of T [a] and T , there is an isomorphism between subbundles of these two bundles, since scaling does not change a subbundle. Now assume that we have a projective structure with a preserved nondegenerate alternating form ω on T . We shall call this a symplectic form, for as we shall see in the cone construction of the susequent paper [Arm2] , ω is just a standard symplectic form on the cone. Given a preserved symplectic form ω on T , this allows us to define two bundles; U = π (L µ ) ⊥ , where the ⊥ is taken with respect to the symplectic structure. Since
Note that since L * is zero on any lift of U into T , L * (U ) = 0.
Theorem 4.1. A symplectic form ω on the Tractor bundle T corresponds to a canonical contact structure on M .
Proof. A choice of section s of L µ -equivalently, a choice of sl(n) preferred connection ∇ -defines a section θ = s.ω(s) of L * . Furthermore, since ∇ defines a splitting of T , we may define a two-form ω ′ as
We aim to show that
Proof of Lemma. We know that − → ∇ω = 0. From this, we may deduce the properties of ∇ itself. Let X, Y and Z be sections of U . Let R be the Reeb vector field of θ, ω ′ ; i.e. ω ′ (R, −) = 0 and θ(R) = 1. Notice that this implies ω(s, R) = 1, and ω(R, T [µ]) = 0. Using s, we identify T [µ] and T . Then Lemma 4.3. ∇ has the following properties:
Proof of Lemma.
so ∇ A R is a section of U , proving 1. Similarly
so ∇ R X is also a section of U , proving 2. Then 3 is a direct consequence of 1 and 2.
To prove 4 consider
and the R component of ∇ X Y is just −ω(∇ X Y, s). For the final statement, again let A be any section of T , and
demonstrating 5, since
Now we may calculate dθ.
since θ(R) and θ(X) are constants, and [X, R] is a section of U .
Hence dθ = 2ω ′ .
To show that U defines a contact structure, it suffices to show that
is non-degenerate. But this is immediate as ω ′ is non-degenerate on U and zero on R.R, whereas θ is zero on U and non-zero R.R.
Note that although U and L * are invariantly defined (and hence so is the contact structure), we need a choice of volume-preserving preferred connection to get an explicit θ or ω ′ .
Projectively, these structures imply Proposition 4.4. If φ : [0, 1] → M is a local geodesic that is tangent to U at some point, then it is tangent to U at every point (i.e. it is a Legendrian curve).
Proof. Reparameterise φ so that the geodesic is parameterized by the affine parameter of ∇. Now φ ′ = X + aR, and the geodesic equation becomes
for some section Y of U . Then since ω ′ (X, X) = 0, we must have a constant along φ(t). So if a = 0 at any point in the image of φ, a = 0 at every point.
To invert this construction -start from some projective torsion-free connection ∇ which preserves a contact structure as above and generate a Tractor connection which preserves a symplectic form ω -we must add an additional integrability condition to those of Lemma 4.3. Given the Reeb vector field, we may split T * as L * ⊕ U * . Let Ξ be the projection onto U * . Since ω ′ is non-degenerate as a map U → U * , ω ′−1 : U * → U is well defined. Then
Lemma 4.5. If ∇ is a preferred sl(n) connection of a Tractor connection preserving a symplectic structure, the P tensor of ∇ must obey the following formula:
Proof of Lemma. For any section A of T ,
Since this formula is valid for all Y -though not upon replacing Y with R -we get the required result.
And then it is quite easy to see that any ∇ that obeys all these conditions will generate a symplectic Tractor connection.
Complex holonomy: CR-spaces
Complex holonomy
It turns out that a complex structure J on the Tractor bundle T corresponds to the existence of CR-structures on M . The projective interpretation of this is hard to see: for though the Reeb vector field is well defined, the actual distributions and CR-structure vary depending on the choice of preferred connections. Notice that for any section s of the canonical bundle L µ ⊂ T , one has a well defined vector field R = s −1 π(Js) ⊂ Γ(T ). Dividing out by the action of R gives an infinitesimal covering of a C-projective structure on a manifold one dimension lower. If the the Tractor connection is moreover R-invariant, then this is a proper covering of this structure. See paper [Arm2] for more details on this.
But first we must define what we mean by a CR-structure.
A CR-space is a manifold of odd dimension n with a distribution H ⊂ T of rank n − 1 and an endomorphism J : H → H such that J 2 = −Id, and that obeys two integrability conditions: vanishes identically. Now, given a projective structure with a complex structure J on the Tractor bundle T , we have a canonical Reeb vector field, defined by
There is a special class of connections within the preferred connections of this projective structure; namely those whose splitting has the property J(
. Since the class of preferred connections corresponds to the class of all affine connections on L µ , it corresponds to the class of all splittings of the sequence
hence we can definitely find ones with the property
. Call these the C-preferred connections. By choosing sections of
, we get C-preferred connections that are volume preserving.
Then we have a subbundle in this splitting
However, different choices of connection result in different bundles H, as they result in a different choice of bundle T [µ] ⊂ T ; in this way, the reverse of the contact case, the Reeb vector is canonical but the distribution is not. J descends to a complex structure on H, hence to a complex structure on
We now fix a C-preferred connection ∇, and seek to deduce its properties from those of − → ∇.
Theorem 5.1. If T has a preserved complex structure J, then a choice of C-preferred connection ∇ gives a CR structure on M .
The proof of this is detailed in the rest of this section.
Lemma 5.2. If X, Y are sections of H, ∇ has the following properties:
Proof of Lemma. Let s be any nowhere zero section of L µ . As ∇ is C-preferred, R = s −1 Js.
since J(∇ R s) = (∇ R s)R (this is true as both are zero whenever ∇ R s is zero, and otherwise R = (∇ R s) −1 J(∇ R s)). This proves 1. Similarly
which is also a section of H by the definition of H, proving 2. For 3
implying that ∇ R X has no R component, as this would require an s component in J∇ R X. Then 4 is a direct consequence of 2 and 3.
The previous proof implies that ∇ R J = 0; in order to prove 5 one merely needs to show that J∇ X Y and ∇ X JY differ only by multiples of s and R.
We get the further result that
implying that the R component of ∇ X JY is P(X, Y ), proving 6.
And, inverting all these steps, one can see that any affine connection with these properties will generate a complex Tractor connection. This is all related to the complex projective structure, see the complex cone of the next paper [Arm2] . 
for Z a section of H.
Quaternionic holonomy
by the first integrability condition. But that last expression is zero since ∇J = 0.
Assume now that − → ∇ preserves three complex structures J 1 , J 2 , J 3 , with the usual quaternionic relations:
As before we may choose splittings of T such that
we may choose a section of L µ → M tangential to these bundles, giving us a volume preserving H-preferred connection ∇.
As before, we have the well defined Reeb vectors R 1 , R 2 and R 3 , invariants of the projective structure, and, via the choice of ∇, three distributions H 1 , H 2 and H 3 .
We get the further relations J 1 R 2 = −J 2 R 1 = R 3 J 2 R 3 = −J 3 R 2 = R 1 J 3 R 1 = −J 1 R 3 = R 2 and the distribution
is stable under the actions of all the automorphisms J 1 , J 2 and J 3 , and these obey the quaternionic relations on H.
Call any manifold with this sort of structure an HR-manifold. Paper [Biq] deals with similar structures.
Theorem 5.4. Any Tractor connection that preserves hyper-complex structures J 1 , J 2 , J 3 has a class of H-preferred connections. These connections define an HR-structure on the manifold, with canonical Reeb vectors and non-canonical distributions.
It might be worth enquiring what happens when
− → ∇ preserves not a hyper-complex structure, but a quaternionic one; i.e. preserves the span of J 1 , J 2 and J 3 without preserving any one individually. This however, is not possible, as a consequence of [Arm2] and [Arm3] : all projective Tractor holonomies are affine holonomy algebras of torsion-free Ricci-flat cones. And sl(1, H) ⊕ sl(n, H) is not a possible Ricci flat holonomy algebra.
Orthogonal holonomy: Einstein spaces
In this section we aim to show that − → ∇ preserving a metric on T is equivalent to the existence of an Einstein, non-Ricci-flat, preferred connection ∇.
Some explanations as to what we mean by an Einstein connection in this case:
Definition 6.1. ∇ is Einstein if Ric ∇ is non-degenerate and ∇Ric ∇ = 0.
Notice this also implies that ∇ det(Ric ∇ ) = 0, so ∇ is an sl(n) connection. Thus Ric ∇ is symmetric, and ∇ is the Levi-Civita connection of the 'metric' Ric ∇ , meaning that ∇ is an Einstein connection in the standard sense, with Einstein coefficient 1. Note that where Ric is of signature (p, q), h is of signature (p + 1, q). In a more general setting, if Ric = λg for some metric g of signature (p, q), then h is of signature (p + 1, q) when λ > 0 and (q + 1, p) when λ < 0.
Remembering the formulas for the Tractor connection, and using s implicitly: , sZ) + h(sY, ∇ X Z P(X, Z) ) = P(∇ X Y, Z) + P(Y, ∇ X Z), so ∇ X P = 0.
